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These notes follow and extend the proof of the description of the Veech group in [Cha04,
Theorem 4]. The main result is that the Veech group of the Chamanara surface is a
non-elementary Fuchsian group of the second kind which is generated by two parabolic
elements. Most of the calculations were carried out on the train from Marseille to Karls-
ruhe after the wonderful conference “Dynamics and Geometry in the Teichmüller Space”
in July 2015.
1 Review of definitions
Let us quickly go through the definitions that we use in this setting.
A translation surface (X,A) is a connected two-dimensional manifold X together with
a translation structure A on X, i.e. a maximal atlas on X so that the transition functions
are locally translations. Note that this is a more general definition compared to what
was the standard definition for a long time.
Every translation surface (X,A) can be equipped with a metric that comes from pulling
back the Euclidean metric via the charts. The metric completion X may contain addi-
tional points which are called singularities.
There are three kinds of singularities: A singularity is called cone angle singularity if
it has a punctured neighborhood in X which is isometric to a finite translation covering
of a once-punctured Euclidean disk. It is called infinite angle singularity if it has a
punctured neighborhood in X which is isometric to an infinite translation covering of a
once-punctured Euclidean disk. All other singularities are called wild.
We say that a translation surface is finite if its metric completion is a compact surface
and all singularities are cone angle singularities. This is equivalent to all three standard
definitions of translation surfaces, except that the singularities are not included in the
translation surface in our setting.
A continuous map f : (X,A) → (Y,B) of translation surfaces is called affine if it is
locally affine, i.e. for every x ∈ X there exist charts (U,ϕ) ∈ A and (V, ψ) ∈ B with
1
x ∈ U and f(U) ⊆ V so that for every z ∈ ϕ(U) ⊆ R2 it is true that(
ψ ◦ f ◦ ϕ−1) (z) = A · z + t for a fixed A ∈ GL(2,R) and a fixed t ∈ R2.
For an affine map f , the matrix A is globally the same for all choices of charts and
this matrix is called the derivative of f .
For a translation surface (X,A), the Veech group GL+(X,A) of (X,A) is defined as the
group of all derivatives of orientation-preserving homeomorphisms of X that are affine
with respect to A.
For a translation surface with finite area, the elements of the affine group are area-
preserving, hence the Veech group is a subgroup of SL(2,R). For a finite translation
surface, the Veech group is even a discrete subgroup of SL(2,R) but this fact relies
heavily on the property that all singularities are cone angle singularities.
In these notes, we will subscribe to Chamanara’s point of view that the Veech group
is in fact the image of GL+(X,A) in PSL(2,R).
2 Definition of Chamanara surface
In [Cha04], Chamanara describes in detail a family of translation surfaces with a pa-
rameter α ∈ (0, 1). We will concentrate on the case of α = 1
2
. In general, Chamanara
considers a square that has edges of length
∑∞
i=1
αn for an α ∈ (0, 1) and the edges are
divided into segments where the nth segment has length αn.
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Figure 1: For the Chamanara surface, we identify segments that are parallel and have
the same length.
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Figure 2: The arcs indicate which cutting points are identified by the gluings in the
Chamanara surface.
In our case, we consider a square with edges of length 1. We divide the top edge into
two halves and the bottom edge into two halves. Then we glue the right half of the top
to the left half of the bottom. The remaining halves are divided again and the right part
of the top is glued to the left part of the bottom, and so on (see Figure 1). We do the
same with the left and the right edge, always identifying the upper part of the right edge
with the lower part of the left edge.
When we exclude not only the corners of the square but also the points on the edges
where we divided the segments into halves, we obtain a translation structure on the
resulting surface. The corners and the cutting points lead to points in the metric comple-
tion and so they are specifying singularities. By following the gluings we find that every
second cutting point is identified as sketched in Figure 2. However, the distance of the
two indicated points is not bounded away from 0 in the metric completion, hence it is 0.
This means that all cutting points are identified to one point in the metric completion.
The same argument holds true for the corners and we receive that we have exactly one
singularity σ.
3 Cylinder decompositions and parabolic elements
For a translation surface (X,A) with at least one singularity, a cylinder in (X,A) of
circumference w > 0 and height h > 0 is an open subset of X which is isometric to a
Euclidean cylinder R/wZ×(0, h). The modulus of a cylinder is the ratio of circumference
and height, i.e. it is equal to w
h
.
If a cylinder can be extended to a maximal cylinder then the maximal cylinder is
bounded by geodesic segments in X with endpoints in singularities. Segments of this
3
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Figure 3: Chamanara surface with a cylinder decomposition of slope 4.
kind are called saddle connections. The direction of the cylinder is the direction of the
saddle connections.
A cylinder decomposition of (X,A) is a collection of maximal cylinders in (X,A) so
that the closures of the cylinders in X cover X and so that each two cylinders are disjoint.
We will use the following well-known result to determine elements of the Veech group.
It was first proven in [Vee89] for finite translation surfaces. However, the proof of state-
ment (i) literally works for the general case.
Proposition 3.1 (Cylinder decompositions and parabolic elements [Veech])
(i) Let (X,A) be a translation surface and {zn} a cylinder decomposition so that the
cylinder zn has height hn and circumference wn. If the inverse moduli
hn
wn
are
commensurable, i.e. if there exists an m ∈ R so that each inverse modulus is an
integer multiple of m, then the Veech group contains a parabolic element conjugated
to the matrix
(
1 1
m
0 1
)
.
(ii) Let (X,A) be a finite translation surface such that the Veech group contains a
parabolic element. Then there exists a cylinder decomposition of (X,A) in the
eigen direction of the parabolic element.
Figure 3 shows a cylinder decomposition of slope 4 on the Chamanara surface. There
are infinitely many cylinders where all except one can be seen as built by two trapezoids.
As all trapezoids are similar, the moduli of these cylinders coincide. In fact, this modulus
can be calculated to be 4
51
by trigonometry. Similar calculations show that the modulus of
4
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Figure 4: Chamanara surface with saddle connections of slope 1
2
: h is the height and w
is the circumference of the largest cylinder that is built by two trapezoids.
the middle cylinder is 4
51
, too. Then Proposition 3.1 implies that there exists a parabolic
element in the Veech group which maps every saddle connection of slope 4 to itself and
acts as a Dehn twist on every cylinder in the cylinder decomposition.
For every slope 2n with n ∈ Z there exists a cylinder decomposition like the previous
one (cf. [Cha04, Proposition 11]): We have that every maximal geodesic of slope 2n
starting in a singularity is a saddle connection and bounds a cylinder of the same slope.
As in the previous case, we have infinitely many cylinders built by two trapezoids and
finitely many cylinders built by parallelograms like the middle cylinder in the previous
case. Again, the moduli of the cylinders of the first type are all the same. Let h be
the height of the largest cylinder of the first type and w its circumference (see Figure 4).
Then we have for a cylinder of the second type that its height is an integer multiple of h
and its circumference is an integer multiple of 2
3
w. Therefore the inverse modulus of this
cylinder is a rational multiple of 3
2
· h
w
. For example, for slope 2 and slope 1
2
, the inverse
modulus of the middle cylinder is three times the other inverse moduli. This yields the
existence of a number m such that for every cylinder zi there exists an integer ki such that
the inverse modulus of zi is ki ·m. By Proposition 3.1, there exists a parabolic element in
the Veech group such that the corresponding affine map twists the ith cylinder ki times.
We proceed by explicitly calculating two parabolic elements in the Veech group. These
correspond to the Dehn twists in the cylinder decompositions of slope 1 and slope 2.
For slope 1, all cylinders are built by two trapezoids (see Figure 5). For the largest
cylinder, the height is
√
2
4
and the circumference is
√
2 +
√
2
2
= 3 ·
√
2
2
. Therefore, the
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Figure 5: Chamanara surface with a cylinder decomposition of slope 1.
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Figure 6: Chamanara surface with a cylinder decomposition of slope 2.
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modulus of all cylinders with slope 1 is 3
2
· 4 = 6.
For slope 2, all except one cylinder are built by trapezoids (see Figure 6). For the
largest of these cylinders, the height is 1
2
√
5
and the circumference is
√
5
2
+
√
5
4
= 3 ·
√
5
4
.
Therefore, the modulus of all cylinders with slope 2 of this type is 15
2
. The height of the
middle cylinder is 1√
5
and the circumference is
√
5
2
, hence the modulus is 5
2
.
For the sake of convenience in calculations, we will now rotate the Chamanara surface
by −pi
4
so that the former cylinder decomposition of slope 1 is now horizontal.
Thus, by Proposition 3.1, the element
(
1 6
0 1
)
, which acts as a Dehn twist on the
horizontal cylinders, is contained in the Veech group. Note that for every parabolic
element in the Veech group, for which the eigen direction is the horizontal direction, all
horizontal saddle connections have to be fixed pointwise or are inverted in the center of
the square. In particular, such a parabolic element has to act as a (multiple) Dehn twist
on the horizontal cylinders, so up to rotation by
(−1 0
0 −1
)
it is of the form
(
1 6k
0 1
)
for some k ∈ Z \ {0}.
The second of the discussed cylinder decompositions has an angle α with the horizontal
axis for which it holds sinα =
√
2
4
· 2√
5
= 1√
10
. Therefore, we know that the following
parabolic matrix is contained in the Veech group.(
cosα − sinα
sinα cosα
)
·
(
1 15
2
0 1
)
·
(
cos−α − sin−α
sin−α cos−α
)
=
(
3√
10
− 1√
10
1√
10
3√
10
)
·
(
1 15
2
0 1
)
·
(
3√
10
1√
10
− 1√
10
3√
10
)
=
1
10
·
(
3 43
2
1 21
2
)
·
(
3 1
−1 3
)
=
1
4
·
(−5 27
−3 13
)
This parabolic element acts as a triple Dehn twist on the middle cylinder and as a single
Dehn twist on the other cylinders. So, with the same argument as before, a parabolic
element with the same eigen direction has to be a power of 1
4
·
(−5 27
−3 13
)
– up to rotation
by
(−1 0
0 −1
)
.
We summarize this in the following lemma.
Lemma 3.2. A parabolic element in the Veech group Γ of the Chamanara surface
(i) with horizontal eigen direction is a power of P1 :=
(
1 6
0 1
)
and
(ii) with eigen direction α is a power of P2 :=
1
4
·
(−5 27
−3 13
)
.
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Figure 7: Geodesic segments in a direction which can not be the eigen direction of a
parabolic element in the Veech group.
To finish this section we give a large set of directions that can not occur as eigen
directions of parabolic elements in the Veech group. Note that there can still exist
cylinder decompositions in these directions.
Lemma 3.3. The eigen direction of a parabolic element in the Veech group Γ of the
Chamanara surface is contained in [−pi
4
, pi
4
].
Proof. Consider a direction θ which makes an angle of more than pi
4
with the horizontal
direction and suppose P is a parabolic element with eigen direction θ. There exist
infinitely many geodesic segments in direction θ that start in the singularity and have
length 1 (see Figure 7). Then P has to map the set of these geodesic segments to itself.
Note that the geodesic segment that starts in the upper corner is distinguished from
all others as it is the limit of the geodesic segments in this set. Hence, P has to fix
it pointwise, up to a rotation by
(−1 0
0 −1
)
. As P is locally acting as a shear on
the Chamanara surface, this implies that also the geodesic segments close to the limit
segment have to be fixed pointwise. So P fixes an open subset of the Chamanara surface.
Therefore, P is the identity and not a parabolic element.
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4 A subgroup of the Veech group and its fundamental
domain
Consider the group G which is the image of the group generated by the two parabolic
elements
P1 :=
(
1 6
0 1
)
, P2 :=
1
4
·
(−5 27
−3 13
)
in PSL(2,R). As we have seen in the last section, this is a subgroup of the Veech group.
We will understand its fundamental domain in H in this section.
The elements of PSL(2,R) act as Möbius transformations on H := H ∪ R ∪∞. Under
this action, the fixed points of P1 and P2 are ∞ and 3, respectively.
The product of the two generators is
H := P2 · P1 = 1
4
·
(−5 27
−3 13
)
·
(
1 6
0 1
)
= −1
4
·
(
5 3
3 5
)
,
which is a hyperbolic element in G with H−1 = 1
4
·
(−5 3
3 −5
)
. The element H has fixed
points 1 and −1, in particular it fixes the hyperbolic geodesic through −1, i, and 1.
Of course, also P1 and H generate G. We will use these as generators as they make
the calculations easier.
A fundamental domain of the subgroup 〈P1〉 is the strip F1 := {z ∈ H : −3 < Re(z) <
3} as shown in Figure 8.
We construct a fundamental domain of 〈H〉 by the Dirichlet method: Let M be the
matrix
√
2
2
·
(
1 −1
1 1
)
. This defines an elliptic element of order 4 which fixes i. We have
M−1HM = −1
4
· 1
2
(
1 1
−1 1
)
·
(
5 3
3 5
)
·
(
1 −1
1 1
)
= −1
8
·
(
8 8
−2 2
)
·
(
1 −1
1 1
)
=
(
2 0
0 1
2
)
.
A fundamental domain for
〈
M−1HM
〉
is the annulus A = {z ∈ H : 1
2
< |z| < 2}.
Now we have that the image of A under M is a fundamental domain for 〈H〉. This is
even a Dirichlet fundamental domain with center i as M fixes i. We have M • −2 = 3,
M • −1
2
= −3, M • 1
2
= −1
3
, and M • 2 = 1
3
. Hence, we have that F2 as in Figure 9 is a
fundamental domain of 〈H〉.
It follows that F := F1 ∩ F2 is of the form as sketched in Figure 10.
It remains to show that F is in fact a fundamental domain of G. To this end, we apply
Poincaré’s theorem (see [Bea95, Section 9.8]). F is an open convex hyperbolic polygon,
P1 and H constitute a side pairing for F , and the cusps at the boundary of F , namely
∞, 3, and −3, are fixed points of parabolic elements, namely P1, P2, and P−11 P2P1.
Hence Poincaré’s theorem tells us that the group generated by the side pairings, i.e. G,
is discrete and that FG := F is a fundamental domain for G.
Note that the cusps at 3 and −3 are identified, so the group G has two cusps and one
hole.
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Figure 8: Fundamental domain of 〈P1〉.
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Figure 9: Fundamental domain of 〈H〉.
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Figure 10: Candidate for the fundamental domain of G.
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5 The Veech group
Let us first note that the Veech group Γ of the Chamanara surface is also discrete. For
this, we show that the limit set of Γ has empty intersection with the open real segment
from −1 to 1.
First, we determine which eigen directions correspond to fixed points of parabolic
elements in (−1, 1). The parabolic element 1
2
·
(
1 −1
1 3
)
has eigen direction −pi
4
and
fixed point −1 ∈ ∂H, whereas the parabolic element 1
2
·
(
1 1
−1 3
)
has eigen direction pi
4
and fixed point 1 ∈ ∂H. Therefore, every parabolic element that has a fixed point in
(−1, 1) has an eigen direction which makes an angle of more than pi
4
with the horizontal
direction. We have already seen in Lemma 3.3 that no parabolic element with such an
eigen direction exists.
So, suppose that a point in (−1, 1) is contained in the limit set of Γ. Since the fixed
points of hyperbolic elements of Γ are dense in the limit set (see the more general version
for Kleinian groups in [Mas88, Proposition V.E.3.]), there also exists a point x ∈ (−1, 1)
which is the fixed point of a hyperbolic element. In particular, x is the attracting fixed
point of a hyperbolic element h ∈ Γ. Then there exists an n ∈ N so that hn(∞) is
contained in (−1, 1). On the other hand, hn(∞) is the fixed point of the parabolic
element hnP1h
−n. Again, as there are no parabolic elements in Γ with a fixed point in
(−1, 1), also h can not be contained in Γ.
From this we can deduce the nature of the group Γ.
Proposition 5.1
The Veech group Γ of the Chamanara surface is a non-elementary Fuchsian group of the
second kind.
Proof. As Γ acts discontinuously on a neighborhood of (−1, 1) in H, the group Γ is a
discrete subgroup of PSL(2,R), i.e. a Fuchsian group.
As the limit set of Γ is disjoint from (−1, 1), Γ is of the second kind. On the other
hand, the fixed points of P1, P2, and P
−1
1 P2P1 are different elements of the limit set. This
implies that the limit set contains infinitely many elements and Γ is not elementary.
We proceed with the observation that G is in fact a normal subgroup of the Veech
group Γ. For this, we prove that for any element A ∈ Γ and for i = 1, 2, the parabolic
element A−1PiA is contained in G.
Choose a fundamental domain FΓ of Γ with FΓ ⊆ FG and so that FG is tessellated
by translates of FΓ under elements of Γ. Let A ∈ Γ and i ∈ {1, 2}. Then A−1PiA is
parabolic and has a fixed point c ∈ R ∪ {∞}. There exists an element g ∈ G so that
g • c is contained in the closure of FG. It is the fixed point of the parabolic element
gA−1PiAg−1. This gives us two possibilities for g • c: either it has to be contained in
the hole of FG or it is one of the three cusps of FG. The first case is not possible as the
points in the hole are contained in (−1, 1) and hence can not be fixed points of parabolic
11
elements in the Veech group as we have noted before. In the second case, g ∈ G can be
chosen so that g • c is 3 or ∞. Therefore, gA−1PiAg−1 has the same eigen direction as
P1 or P2 and as shown in Lemma 3.2 this means that gA
−1PiAg−1 is a power of P1 or
P2. Hence, gA
−1PiAg−1 is contained in G and so is A−1PiA.
We continue in the same setting and show that gA−1PiAg−1 is in fact equal to Pi for
i = 1, 2. This proves that gA−1 is the identity and so finally every element of Γ is already
contained in G.
We show this by excluding that P1 is conjugated to a proper power of itself, or to
a power of P2. First, the cylinder decomposition to which P1 corresponds provides a
longest saddle connection in the eigen direction of P1. If P1 would be conjugated to a
proper positive power of itself by an element of Γ then the affine homeomorphisms of
the Chamanara surface corresponding to that element would have to stretch all cylinders
and saddle connections in that direction by a factor greater than 1, contradicting the
existence of a longest saddle connection. Also, P1 cannot be conjugated to P
−1
1 because
they are not even conjugated in the whole of PSL2(R).
By the same argument P2 cannot be conjugated in Γ to a proper power of itself because
there exist two longest saddle connections in the eigen direction of P2.
Finally, P1 and P2 are not conjugated in Γ as the boundary of every cylinder in the first
cylinder decomposition consists of four saddle connections (for the largest cylinder, one
saddle connection is counted with multiplicity 2), whereas the boundary of the largest
cylinder in the second cylinder decomposition consists of two saddle connections.
It follows that gA−1PiAg−1 = Pi for i = 1, 2 and so gA−1 commutes with both P1 and
P2. Since nontrivial Möbius transformations commute if and only if they have the same
set of fixed points we conclude that gA−1 is the identity.
Hence, we have proven that the Veech group of the Chamanara surface is G. We
summarize this in a last proposition.
Proposition 5.2
The Veech group Γ of the Chamanara surface is generated by the two parabolic elements
P1 =
(
1 6
0 1
)
and P2 =
1
4
·
(−5 27
−3 13
)
.
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